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Abstract 

Manipulation, bribery, and control are well-studied ways of changing the outcome of an 
election. Many voting systems are in the general case computationally resistant to some of these 

■ manipulative actions. However when restricted to single-peaked electorates, these systems sud- 
' denly become easy to manipulate. Recently, Faliszewski, Hemaspaandra, and Hemaspaan- 

dra BFHHl I J studied the complexity of dishonest behavior in nearly single-peaked electorates. 
, , These are electorates that are not single-peaked but close to it according to some distance mea- 

■ sure. 

\ In this paper we introduce several new distance measures regarding single-peakedness. We 

\Q • prove that determining whether a given profile is nearly single-peaked is in many cases NP- 

I complete. Furthermore, we explore the relations between several notions of nearly single- 

peakedness and study the complexity of manipulation for nearly single-peaked elections. 



1 Introduction 

ITJi '. Voting is a very useful method for preference aggregation and collective decision-making. It has 

}^ ■ applications in very broad settings ranging from politics to artificial intelligence and further topics 

^ ■ in computer science (see, e.g., iDKNSOl , ER971 lGMHS99i ) . In the presence of huge data volumes, 

the computational properties of voting rules are worth studying. In particular, we usually want to 
determine the winners of an election quickly. On the other hand we want to make various forms of 
dishonest behavior computationally hard. 

Bartholdi, Tovey, and Trick |BTT89a| were the first to study the computational aspects of ma- 
nipulation in elections, where a group of voters cast their votes insincerely in order to reach a 
desired outcome. Other types of dishonest behavior are control, where an external agent makes 



*A preliminary version of this paper appeared in the proceedings of the Fourth International Work- 
shop on Computational Social Choice IELP12I . This work was done in part while the second and 
the third authors were visiting the University of Siegen and while the first author was visiting Vienna 
University of Technology. The work of the second and third author was supported by the Austrian 
Science Fund (FWF): P20704-N18. Author URLs: http://www.uni-siegen.de/fb5/dt/teain/erdelyi, 
http : //www . dbai . tuwien. ac. at/ staff /lackner/, http: //www. dbai . tuwien. ac . at/staff /pfandler/. 
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structural changes on the election such as adding/deleting/partitioning either candidates or vot- 
ers (see, e.g., IIBTT92I ) in order to reach a desired outcome, or bribery, where an external agent 
changes some voters' votes in order to change the outcome of the election (see, e.g., [FHH09|). 
For an overview and many natural examples on bribery, control, and manipulation we refer 
to llBEH+10llFHHT0llFPT0llBCET2l . 

Traditionally, the complexity of such attacks on the outcome is studied under the assumption 
that in each election any admissible vote can occur. However, there are many elections where 
the diversity of the votes is limited in a sense that there are some admissible votes nobody would 
ever cast. One of the best known examples is single-peakedness, introduced by Black IIBla48l . It 
assumes that the votes are polarized along some linear axis. The study of the computational aspects 
of elections with single-peaked preferences was initiated by Walsh |Wal07J (see also F FHHRlll 
IBBHHIOJ). Many problems which are NP-hard in the general case turn out to be easy for single- 
peaked societies. A recent line of research initiated by Conitzer ||Con09ll and by Escoffier, Lang, 
and Oztiirk IeLOOSII suggests that many elections are not perfectly single-peaked but are close to it 
with respect to some metric. Faliszewski, Hemaspaandra, and Hemaspaandra [FHH111 introduced 
various notions of nearly single-peaked elections and showed that the complexity of manipulative 
actions jumps back to NP-hardness in many cases. 

In this paper we consider the notion of fc-maverick single-peakedness and ^-local swaps intro- 
duced by Faliszewski, Hemaspaandra, and Hemaspaandra IIFHHlll . In addition we follow the sug- 
gestions of Escoffier, Lang, and Oztiirk llELOOSt and formally define the two nearly single-peaked 
notions /^-candidate deletion and ^-additional axes. Furthermore, we introduce three new notions 
of nearly single-peakedness, ^-local candidate deletion, ^-global swaps, and ^-candidate partition. 
We show connections between the existing and new notions, and we study the complexity of de- 
termining whether a given profile is nearly single-peaked with respect to some axis. This problem 
was introduced by Escoffier, Lang, and Oztiirk llELOOSt as single-peaked consistency. We show 
that single-peaked consistency is computationally hard for five notions of nearly single-peakedness 
given in this paper. Additionally, we present a polynomial time algorithm for /:-candidate deletion. 
Finally, we study the complexity of manipulation of nearly single-peaked elections and are able to 
provide dichotomy theorems for each of the seven distance measures. 



Related Work Our paper fits in the line of research on single-peaked and nearly single-peaked 
preferences. In the work of Ballester and Haeringer HBHlll a simple characterization of single- 
peaked elections has been found. This characterization does not depend on finding a suitable axis. 
Faliszewski et al. BFHHRllll and Brandt et al. HBBHHIOI investigate the complexity of dishonest 
behavior (e.g., the complexity of manipulation and control) in electorates with single-peaked pref- 
erences as well as the winner problem. They do not consider nearly single-peaked preferences, but 
mention them as future work. 

In the context of nearly single-peaked preferences the most relevant paper is by Faliszewski, 
Hemaspaandra, and Hemaspaandra IIFHHllll . They introduce several notions of nearly single- 
peakedness and analyze the complexity of bribery, control, and manipulation under those condi- 
tions. In contrast, we are not only analyzing manipulation in elections, but we are studying the 
complexity of nearly single-peaked consistency. Additionally, we introduce new notions of nearly 
single-peakedness. 

The question whether a given profile is single-peaked has been recently investigated by Es- 
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coffier, Lang, and Oztiirk The difference in their work is that they have not considered 

nearly single-peakedness, they only pointed it out as a possible future research direction. 

The idea of measuring the distance of votes with the number of swaps required to make them 
identical already appears in Dodgson's voting rule (see, e.g., jMN OS | for a discussion). This idea has 
been widely used since then. Elkind, Faliszewski, and Slinko used swaps of adjacent candidates in 
votes in the context of bribery IIEFS0 91. They assumed that a briber can perform a number of swaps 
in the votes in order to make his favorite candidate win the election. In our paper, we use swaps as 
a distance measure for nearly single-peakedness. We do not change the outcome of an election with 
swaps, we just measure the swap distance of a given profile to the nearest single-peaked profile. Two 
further distance measures have recently been studied. "Single-peaked width" has been been studied 
in the paper of Comaz, Galand and Spanjaard |'CGS12'|. Elkind, Faliszewski, and Slinko EES 121 
define the decloning measure which describes the number of adjacent candidates (adjacent in every 
vote) that are merged into one candidate in order to obtain single-peakedness. Eor this measure they 
provide a polynomial time algorithm to check single-peaked consistency. 

Finally, we remark that single-peaked preferences have been considered in the context of pref- 
erence elicitation [iCon09l and in the context of possible and necessary winners under uncertainty 
regarding the votes IIWal07ll . 

Organization This paper is organized as follows. In Section [2l we recall some notions from 
voting theory and define single-peaked preferences. In Section [3l we introduce the problems we 
are investigating in our paper. Our results on the relations between the different notions of single- 
peakedness and on the complexity of single-peaked consistency are presented in Section HI In 
Section [5] we discuss the complexity of manipulation in nearly single-peaked elections. Finally, 
Section[6]provides some conclusions and future directions. 

2 Preliminaries 

Let C be a finite set of candidates, V be a finite set of voters, and let :^ be a preference relation 
(i.e., a tie-free and total order) over C. Without loss of generality let V = {1, . . . ,«}. We call a 
candidate c the peak of a preference relation >- if c ^ c, for all c, G C \ {c}. Let = (>- 1 , . . . , 
be a preference profile (i.e., a collection of linear orders) over the candidate set C. We say that the 
preference order is the vote of voter /. For simplicity, we will write for each voter i c\C2 ■ ■ - Cm 
instead of c\ >-[ C2 >-i ... >-,• c„,. For a vote >~i= ciC2 ■ . .c,„ let the vote ~i = CmCm-i ...ci denote 
;^,'s reverse vote. We call the peak of voter / his highest ranked or top-ranked candidate. For two 
preference profiles over the same set of candidates ^ = i , . . . , >-n) and ^ = {>~n+i, • • • , >~s), let 
(i^,^) = . . . , >-s) define the union of the two preference profiles. In our constructions, we 
sometimes also insert a subset of the candidates B C C into a vote, where we assume some arbitrary, 
fixed order of the candidates in B (e.g., ciBcj, means that ci is the top-ranked candidate and C3 is 
the last ranked candidate, while all € B are ranked between ci and C3). An election is defined as a 
triple E = (C, V, J^), where C is the set of candidates, V the set of voters and ^ a preference profile 
over C. 

A voting correspondence ^ is a mapping from a given election £ = (C, V, ^) to a non-empty 
subset W C C; we call the candidates in W the winners of the election E. A special case of a voting 
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correspondence is a voting rule, where for any election E, \^{E) \ = 1. We will sometimes abuse 
terminology and refer to voting correspondences as voting rules. 

A prominent class of voting rules is the class of scoring rules. Given a scoring vector a = 
(«! , . . . , at), € N, «! > • • • > at- In a k-candidate scoring rule each voter has to specify a tie- 
free linear ordering of all candidates and gives a, points to the candidate ranked on position /. The 
winners of the election are the candidates with the highest overall score. Veto is the scoring rule 
defined by the scoring vector a = (1, . . . , 1,0). 

In order to define single-peaked profiles we will make use of the definition given by Escoffier et 



al. ELOOSI . 



Definition 2.1 ( ELOOSI ). Let an axis Abe a total order over C denoted by >. Given two candidates 
Ci,Cj £C, a vote ^ € V specified by the corresponding preference relation >-k, and an axis A. Let c 
be the top-ranked candidate of voter k. We say that candidates and cj are on the same side of the 
peak of if one of the following two conditions holds: 

(1) Ci> c and cj > c, or (2) c > c; and c > cj 

A vote k is said to be single-peaked with respect to an axis A if for all Ci,Cj € C that are on the same 
side of the peak c of it holds that c,- cj if either c > Cj > cj or cj > Cj > c holds (i.e., c,- is 
closer to the peak than cj). 

A preference profile is said to be single-peaked with respect to an axis A if and only if each 
vote is single-peaked with respect to A. A preference profile ^ is said to be single-peaked consistent 
if there is an axis A such that ^ is single-peaked with respect to A. 

Analogously to reverse votes, the to axis A reverse axis will be denoted by A. Let C' C C. By 
^[C] we denote the profile ^ restricted to the candidates in C'. Analogously if A is an axis over 
C, we denote by A[C'] the axis A restricted to candidates in C'. 

Escoffier, Lang, and Oztiirk present an algorithm that decides whether a given preference profile 
is single-peaked consistent in time |V| • |C| IeLOOS 'I. Their algorithm improves upon the runtime of 
an algorithm presented in |BT86J. The corresponding decision problem is defined as follows. 

Single-Peaked Consistency 

Given: An election E = (C, V, 
Question: Is 3^ single-peaked consistent? 



3 Problem Statement 

In this paper we consider different notions of nearly single-peakedness. All these notions define a 
distance measure to single-peaked profiles. We will now describe them and provide first (trivial) 
upper bounds on these distances. 

k-Maverick 

The first formal definition of nearly single-peaked societies was given by Faliszewski, Hemaspaan- 
dra, and Hemaspaandra BFHHllL Consider a preference profile ^ for which most voters are single- 
peaked with respect to some axis A. All voters that are not single-peaked with respect to A are called 
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mavericks. The number of mavericks defines a natural distance measure to single-peakedness. If an 
axis can be found for a large subset of the voters, this is still a fundamental observation about the 
structure of the votes. 

Definition 3.1 ( IIFHH11 1). Let E = (C,y, ^) be an election and k a positive integer. We say that 
the profile ^ is /:-maverick single-peaked consistent ifhy removing at most k preference relations 
(votes) from ^ one can obtain a preference profile that is single-peaked consistent. 

LetM(^) denote the smallest k such that 3^ is A:-maverick single-peaked consistent. Note that 
M(^) <\V\-\ always holds. 

The above notion is a well-motivated distance regarding single-peakedness, but we will define 
other distances which could be more useful in other cases. 



k-Candidate Deletion 



As suggested in llELOOSl . we introduce outlier candidates. These are candidates that do not have 
"a correct place" on any axis and consequently have to be deleted in order to obtain a single-peaked 
consistent profile. Examples could be a candidate that is not well-known (e.g., a new political party) 
or a candidate that prioritizes other topics than most candidates and thereby is judged by the voters 
according to different criteria. The votes restricted to the remaining candidates might still have a 
clear and significant structure, i.e., might be single-peaked consistent. 

Definition 3.2. Let E = (C, V, ^) be an election and k a positive integer. We say that the profile ^ 
is /:-candidate deletion single-peaked consistent if we can obtain a set C' <^C by removing at most 
k candidates from C such that the preference profile ^[C'] is single-peaked consistent. 

Let CD{^) denote the smallest k such that 3^ is ^-candidate deletion single-peaked consistent. 
Note that CD(^) < |C| - 2 always holds. 



k-Local Candidate Deletion 

Personal friendships or hatreds between voters and candidates could move candidates up or down in 
a vote. These personal relationships cannot be reflected in a global axis. To eliminate the influence 
of personal relationships to some candidates we define a local version of the previous notion. This 
notion can also deal with the possibility that the least favorite candidates might be ranked without 
special consideration or even randomly. 

We first have to define partial domains and partial profiles. 

Definition 3.3. Let C be a set of candidates and A an axis over C. A preference relation >- over a 
candidate set C' CC is called a partial vote. It is said to be single-peaked with respect to A if it is 
single-peaked with respect toA[C']. A partial preference profile consists of partial votes. It is called 
single-peaked consistent if there exists an axis A such that its partial votes are single-peaked with 
respect to A. 

Definition 3.4. Let E = (C, V, ^) be an election and k a positive integer We say that the profile 
is ^-local candidate deletion single-peaked consistent if by removing at most k candidates from each 
vote in !^ we obtain a partial preference profile that is single-peaked consistent. 

Let LCD{!^) denote the smallest k such that ^ is A;-local candidate deletion single-peaked 
consistent. Note that LCD(^) < |C| -2 always holds. 
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k-Additional Axes 



Another suggestion in IeLOOS | is to consider the minimum number of axes such that each prefer- 



ence relation of the profile is single-peaked with respect to at least one of these axes. This notion is 
particularly useful if each candidate represents opinions on several issues (as it is the case in politi- 
cal elections). A voter's ranking of the candidates would then depend on which issue is considered 
most important by the voter and consequently each issue might give rise to its own corresponding 
axis. 

Definition 3.5. Let E = (C, V, ^) be an election and k a positive integer. We say that the profile 
^ is /:-additional axes single-peaked consistent if there is a partition Vi , . . . , V^+i ofV such that the 
corresponding preference profiles ^i, . . . , 3^k+\ cire single-peaked consistent. 

het AA{^) denote the smallest k such that ^ is ^-additional axes single-peaked consistent. 
Note that AA{^) < min -1^^^ always holds. This is because the number of distinct votes is 

ICl ! 

trivially bounded by \V\. Furthermore, A4(^) is bounded by ^ since at most |C|! distinct votes 
exist and each vote and its reverse are single-peaked with respect to the same axes. 



k-Global Swaps 

There is a second method of dealing with candidates that are "not placed correctly" according to an 
axis A. Instead of deleting them from either the candidate set C or from a vote, we could try to move 
them to the right position. We do this by performing a sequence of swaps of consecutive candidates. 
We remark the minimum number of swaps required to change one vote to another is the Kendall 
distance of these two votes (permutations). For example, to get from vote abed to vote adbc, we 
first have to swap candidates c and d, and then we have to swap b and d. Since this changes the 
votes in a more subtle way, this can be considered a less obtrusive notion than /:-(Local) Candidate 
Deletion. 

Definition 3.6. Let E = (C, V, ^) be an election and k a positive integer We say that the profile ^ 
is /^-global swaps single-peaked consistent if ^ can be made single-peaked by performing at most 
k swaps in the profile. (Note that these swaps can be performed wherever we want — we can have k 
swaps in only one vote, or one swap each in k votes.) 

Let GS{^) denote the smallest k such that 3^ is ^-global swaps single-peaked consistent. Note 
that GS{^) < (1^1) • \V\ always holds since rearranging a total order in order to obtain any other 
total order requires at most ('2') swaps. 



k-Local Swaps 

We can also consider a "local budget" for swaps, i.e., we allow up to k swaps per vote. This distance 
measure has been introduced in liFHHllH as Dodgson^^. 

Definition 3.7. Let E = (C, V, 3^) be an election and k a positive integer We say that the profile ^ 
is fc-local swaps single-peaked consistent if 3^ can be made single-peaked consistent by performing 
no more than k swaps per vote. 

Let LS{^) denote the smallest k such that ^ is A;-local swaps single-peaked consistent. Note 
thatL5(=^) < (1^1) always holds. 
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k-Candidate Partition 



Our last nearly single-peaked formalism is the candidate analogon of ^-additional axes. In this 
case we partition the set of candidates into subsets such that all of the restricted profiles are single- 
peaked consistent. This notion is useful in the following situation. Each candidate has an opinion on 
a controversial Yes/No-issue. Depending on their own preference voters will always rank all Yes- 
candidates before or after all No-candidates. It might be that when considering only the Yes- respec- 
tively No-candidates, the election is single-peaked. Therefore, if we acknowledge the importance 
of this Yes/No-issue and partition the candidates accordingly, we may obtain two single-peaked 
elections. 

Definition 3.8. Let E = (C, V, ^) be an election and k a positive integer. We say that the profile ^ 
is ^-candidate partition single-peaked consistent if the set of candidates C can be partitioned into 
at most k disjoint sets C\,...,Ck with Ci U . . . UQ = C such that the profiles ^[Ci], . . . , I^[Ck\ are 
single-peaked consistent. 

Let CP{I^) denote the smallest k such that ^ is ^c-candidate partition single-peaked consistent. 



Note that CP(^) < 



Decision Problems 
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always holds. 



We now introduce the seven problems we will study. We define the following problem for X G 
{Maverick, Candidate Deletion, Local Candidate Deletion, Additional Axes, Global Swaps, Local 
Swaps, Candidate Partition}. 



X Single-Peaked Consistency 

Given: An election E = (C, V, and a positive integer k. 
Question: Is 3^ k-X single-peaked consistent? 



In Section [5] we investigate the complexity of coalitional manipulation in scoring rules under 
the assumption that the underlying elections are nearly single-peaked. For that we have to formally 
define the coalitional weighted manipulation problem for nearly single-peaked electorates first. 



^-X-CONSTRUCTIVE COALITIONAL WEIGHTED MANIPULATION (^-X-CCWM) 

Given: An integer k, a set of candidates C, a set of nonmanipulative voters V specified by 
weights and the preference profile ^ — (Pi, . . . where |y| = /i, a set of manip- 
ulative voters S with \S\ — s with their weights ki,...,ks, an axis' A over C, and a 
(preferred) candidate p &C. 

Question: Is there a preference profile ^ — {Li,...,Ls) for the manipulative voters in S such that 
p is the unique winner in {C,V US, (3^,^)) with respect to the voting correspondence 
^ and that is k-X single-peaked consistent with respect to axis A? 



If we fix the integer ktoa constant £, we denote this problem as ^-£-X-Constructive Coalitional 
Weighted Manipulation (^-^X-CCWM). 

'For .^-Additional Axes-CCWM we require that all axes are part of the input. 
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4 Results 



4.1 Basic Results about Single-Peaked Profiles 

We start with a simple observation which we will use in several proofs. 

Lemma 4.1. Let 0^ be a preference profile containing the preference relation >- \ c\ . . .Cm and its 
reverse >-. Then ^ is either single-peaked with respect to the axis ci < • • • < c,„ (and its reverse) 
or it is not single-peaked at all. 

Proof. Since the vote >~ ranks c,„ last while the vote ~ ranks c\ last, these candidates have to 
be at the left-most and right-most position on any compatible axis. Note that c\ is the peak in ^. 
Hence this already determines the position of all other candidates. Consequently only two axes are 
possible: c\ < ■ ■ ■ < Cm and Cm < ■ ■ ■ <c\. □ 

Lemma l4T2] provides an alternative characterization of single-peaked consistency. 

Lemma 4.2. Given an election (C, V, the profile 3^ is not single-peaked consistent if and only 
if for all axes A there is some voter v G V and three candidates Ci,Cj,Ck G C such that Ci > cj > Ck 
on axis A, and Ci cj holds as well as ct >-v cj. 

Proof. Assume that ^ is not single-peaked consistent. Then, for each axis A, there has to exist 
some voter v that is not single-peaked with respect to A. Let c be the top-ranked candidate of voter v. 
Then there exist some ci , C2 € C with either c > ci > cj or c <ci <C2 such that C2>- ci. Depending 
on whether c > ci > C2 or c < ci < C2 we can instantiate {ci,Cj,Ck) with either (c,ci,C2) or with 
(ci,C2,c). It is now easy to see that c,- > cj > Ck, Ci >-v cj and Ck cj. 

Let A be an axis over C. For the converse direction assume that there is some voter v and three 
candidates Ci,Cj,Ck € C such that c, > cj > c^ on axis A, Ci cj and q >-v cj. Notice that cj cannot 
be the peak of voter v since then c, >~y cj and Ck cj would not be true. Consequently the peak c 
is either smaller or larger than cj with respect to A. We consider only the first case - the other case 
can be dealt with analogously. It holds that c < cj < Cj. Furthermore, it holds that c c,- cj. 
Therefore is ^ not single-peaked consistent. □ 

The following observation says that any subelection, i.e., an election with the same voters over 
a subset of the candidate set, of a single-peaked election is also single-peaked. 

Lemma 4.3. Let {C,V, 3^) he a given election and C CC. If ^ is single-peaked consistent then 
also ^ [C'] is single-peaked consistent. 

Proof. Assume towards a contradiction that there is some C' C C such that ^ [C'] is not single- 
peaked consistent. Let A be an arbitrary axis ordering C. By Lemma 1421 there is some voter v £V 
and three candidates Ci,Cj,Ck € C such that c, > cj > c^ on the axis A[C'], c; cj and q >-y cj. 
Then, however, it also holds that c,- > cj > Ck on the axis A since A is an extension of A[C']. Therefore 
the right-hand side of Lemma l42l holds for every axis A over C. Hence, by Lemma I4i2l is not 
single-peaked consistent. □ 
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GS ... Global Swaps 

M ... Maverick 

CD . . . Candidate Deletion 

LS ... Local Swaps 

AA . . . Additional Axes 

CP ... Candidate Partition 

LCD . . . Local Candidate Deletion 

Figure 1: Hasse diagram of the partial order described in Theorem 14.41 
4.2 Relations between Notions of Nearly Single-Peakedness 

Theorem l4.4l shows several inequalities that hold for the distance measures under consideration. We 
hereby show how these measures relate to each other. Notice that these inequalities do not have an 
immediate impact on a classical complexity analysis such as in Section 1431 However, they turn to 
out to be very useful for the complexity analysis of manipulation in nearly single-peaked elections. 

Theorem 4.4. Let ^ he a preference profile. Then the following inequalities hold: 

(1) LS{^) < GS{^). (4) LCD{^) < LS{^). (7) CP{^) < CD{^) + 1. 

(2) LCD(^) < CD(^). (5) M{^) < GS{^). (8) CP{^) < LS{^) + 1. 

(3) CD{^) < GS{^). (6) AA{^) < M(^). 

This list is complete in the following sense: Inequalities that are not listed here and that do not 
follow from transitivity do not hold in general. The resulting partial order with respect to < is 
displayed in Figure\J}as a Hasse diagram. 

Proof. Inequalities 1 and 2 are immediate consequences from the definitions since ^-LS allows 
more swaps than ^-GS and ^-LCD allows more candidate deletions than ^-CD. Inequalities 3 and 
4 are due to the fact that swapping two candidates in a vote is at most as effective as removing one 
of these candidates. Similarly, for Inequality 5 observe that removing the corresponding voter is 
at least as effective as swapping two candidates in the vote. Concerning Inequality 6 observe that 
instead of deleting a voter we can always add an additional axis for this voter. Inequality 7 follows 
from the fact that putting each deleted candidate in its own partition leads to single-peakedness if 
deleting these candidates does. 

In order to show Inequality 8 let ^ be ^-local swaps single-peaked consistent. This means that 
there exists an axis A such that after performing at most k swaps per voter, ^ becomes single- 
peaked with respect to A. Without loss of generality assume that the axis A is ci < C2 < . . . < c„. 
We now partition the candidates in ^ + 1 sets So,... ,Sk. This is done by putting the i-th smallest 
element of A into the (/ modulo k+ l)-th set. Since we assume that A is c\ < C2 < ■ ■ ■ < c„, we 
can equivalently say that c,- is put into the (/ modulo k+ l)-th set, i.e., the c\ in ^i, the C2 in ^2, 
the Ck in Sk and c^+x in Sq. Let S € {^o, . . . ,Sk}. Towards a contradiction assume that !3^[S\ is 
not single-peaked with respect to A[S\. By Lemma |4!2] there exists some voter v G V and three 
candidates Ci,Cj,Ck G C such that c,- < cj < ct on axis A[S] (or equivalently i < j < k), ct cj 
and cjc >-v Cj. On axis A the distance between c,- and cj respectively cj and Ck is at least k + \, i.e.. 



GS 




M CD LS 
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Table 1: Inequalities regarding the distance measures. This table should be read as follows. Mea- 
sures on the left-most column are bounded (<) by the measures in the top row. Numbers point to 
the corresponding counterexamples if no such bound exists. 

at least k elements lie in between them. We know that at most k swaps in '^y can make this vote 
single-peaked with respect to A. Let >-[, denote this swapped vote. Necessarily these swaps have to 
either cause that cj cy_i . . . >-[. c,+i Ci holds or that cj >-[, cj+i >-[,... >-[, c^-i >-[. Ck holds 
in >-[, (depending whether the peak of is right or left of cj). Let us focus on the case that the 
swaps ensure that cj cy_i >-[, ... >~[, c,+i >-[, Ci - the other case is analogous. For contrary to 
>-J„ it holds that c,- Cj. Hence these swaps have to cause that cj )^[, Ci holds. In addition, at least 
k elements, namely c,+i, . . . ,Cy-i, have to be in between them. This requires at least k + \ swaps 
which contradicts the fact that at most k swaps suffice. Therefore for all partition sets S, ^ [S] is 
single-peaked consistent and CP{^) < LS{^) + I. 

It remains to show that these are indeed all inequalities. This can be done by providing coun- 
terexamples for each remaining case. 

Table [T] offers an overview by pointing to the corresponding counterexample. In the following 
examples we assume that n>4. 

Counterexample 1 (M cannot be bounded by CD, AA and CP): Consider the preference profile over 
the candidate set C = {ci, . . . ,c„} with the following 2n voters: 

• There are M voters of the form: c\ C2 ... Cn- 

• There are « voters of the form: c„ C2 C3 ... c„_i c\. 

The corresponding preference profile ^ is not single-peaked consistent. This is because C2 has 
to be next to both c\ and c„ on any suitable axis but both have to be either the left-most or right- 
most element. Consequently, M(^) = n. Removing candidates instead of voters is far more useful 
in this case. When we remove either c\ or c„, ^ becomes single-peaked and hence CD{j^) = 1. 
Since we have only two distinct votes, we require two axes to make ^ single-peaked and hence 
AA(^) = 1. Furthermore, notice that we can obtain single-peaked consistency by partitioning the 
candidates into two sets Ci = {ci,c„} and Ci = {c2, . . . ,c„_i}. As a consequence CP{/^) = 2. 

Counterexample 2 (Neither GS nor LS can be bounded by AA, CD, LCD and CP): This counterex- 
ample is similar to the previous one but ^ consists of only two votes. Let C = {ci, . . . ,C3,j+i} be 
the set of candidates. 
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• There is one voter of the form: ci C2 ... C3„+i . 

• There is one voter of the form: csn+i ci C3 ... C3„ c\. 

If we consider this profile restricted to the candidates ci,c„+i,C2„+i and C3„+i, i.e., 
^[{ci,c„+i,C2„+i,C3„+i}], we observe that this restricted profile is not single-peaked. Conse- 
quently, by Lemma [431 ^ is not single-peaked as well. If we want to make 3^ single-peaked with 
swaps, at least two of {ci,c„+i,C2n+i,C3,j+i} have to swap position. This requires at least n swaps 
and consequently GS{3^) > LS{J^) > n. Since there are only two voters, AA{^) =M{3^) = 1. As 
in the previous counterexample removing either c\ or c^n+\ yields a single-peaked profile and hence 
CD(^) = 1. Since CP(^) < CD(^) also CP(^) = 1. Finally, LCD(^) < CD(^) implies 
LCD(^) = 1. 

Counterexample 3 (Neither CD nor LCD can be bounded by M, AA and CP): This time we consider 
three votes over the candidates C = {c\, . . . ,C2n}- 

• There is one voter of the form: c\ C2 ■■■ C2„. 

• There is one voter :^ 2 of the form: C2„ C2n-\ ■■■ c\. 

• There is one voter >- 3 of the form: c„ ... c\ c„+i ... C2n- 

By Lemma l4~T] we only have to consider the axis ci < C2 < . . . < C2„ for ^ = {)^\,)^2, ^^3). The 
third vote ;^3 is however not single-peaked with respect to this axis. Hence ^ is not single-peaked 
consistent. Here M{.'^) = 1 since deleting voter :^3 leads to single-peaked consistency. Since 
AA(^) < M(^) also i4A(^) = 1. However, we need to remove by far more candidates. We have 
to remove candidates such that the indices of the remaining candidates in ;^3 are either increasing 
or decreasing. That are at least n — \ and hence CD{^) > LCD{^) >n — l. Finally, we have that 
CP(^) = 2 since ^[{ci, . . . ,c„}] and ^[{c„+i, . . . ,C2n}] are single-peaked consistent. 

Counterexample 4 (Neither M, GS nor CD can be bounded by LCD and LS): We consider an 
election with 3n votes over the candidates C = {ci, . . . ,03,,}. 

• There are n voters , . . . , of the form: ci C2 ... C3,,. 

• There are n voters >-„+i , . . . , >-2n of the form: C3,, C3„_i ... ci . 

• The remaining votes are obtained from the first vote by swapping the first two candidates in 
each block consisting of three candidates. Formally, for each i,l <i <n there is a voter >-2n+i 
of the form: ci ... c^i-i) C3(^i-i)+2 C3(,-i)+i C3i ... C3,,. 

Let ^ = {>-i,>-2,---,>~3n)- By using Lemma |4~T] it is easy to check that for each 1 < / < 
n, ^[{c3(,_i)+2)'^3(!-i)+i)C3!}] is not single-peaked consistent. By Lemma 1431 is not single- 
peaked consistent. Also, this implies that we have to remove at least one candidate in each set 
{'^3((-i)+27C3(;_i)+i,C3,} in Order to make ^ single-peaked consistent. Therefore CD{j!^) > n. 
Since GS{^) > CD{^) also GS{^) > n. We now want to prove a lower bound on M(^). If 
we delete n—l voters then at least one vote of , . . . , one of {>~n+i, - ■ ■ ,>-2n} and one 
of {>~2n+i, - ■ ■ ,^3n} remains. Again by Lemma 1431 ^ is not single-peaked consistent. Hence 
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M(^) > n — l. Finally, notice that the votes >-2n+i,- ■ • , ^3n can be turned into vote by a single 
swap, which shows that LS{^) = 1. Since LCD{^) < LS{^) also LCD{^) = 1. 

Counterexample 5 (AA cannot be bounded by CD, LCD and CP): In this example we use n votes 
over the candidates C = {ci, . . . ,c„+i}, where n > 3. 

• For each A:, 1 < A: < n, there is one voter >-kOi the form: 

Cn+l Ck Ck-l ... Cl Ck+l Ck+2 ■■■ C„. 

Let us consider the preference profile ^ = {y\,y2, ■■, ^n)- AH votes have the same peak 
but different candidates in the second place. If this preference profile was single-peaked then these 
second-place candidates had to be either left or right of the peak. This is not possible for three or 
more candidates. Hence the profile ^ containing three or more votes is not single-peaked. By the 
previous argument > |. Deleting c„+i however makes ^ single-peaked with respect to the 

axis Cl < C2 <...< c„ and hence CD{^) = LCD{^) = CP{3^) = 1. 

Counterexample 6 (AA cannot be bounded by LS): We consider n votes over 4n candidates C = 

{C1,...,C4„}. 

• For each k, I <k<n, there is one voter of the form: 

Cl ... C4k-4 C4k C4k-2 C4k-\ C4k-3 C4k+\ ... C4„. 

Let ^ = . . . , :^„). The preference profile ^ is not single-peaked consistent since 
^[{cic-3,cic-2,Ck-i,Ck}] is neither for any k e {l,...,n}. With 5 swaps in each vote we can make 
these votes identical and hence LS{^) < 5. Even any pair of votes in ^ is not single-peaked. 
Hence > |. 

Counterexample 7 ( CP cannot be bounded by LCD): Consider an election with 3n votes over the 
candidates C = {ci , . . . , C3„}. 

• For each A, 1 < A: < 3n, there is one voter of the form: ci ... c^-i c^+i ... C3„ Ck. 

Since lowest ranked candidates have to be either at the left-most or right-most position on the 
axis and there are more than two lowest ranked candidates, this profile is not single-peaked con- 
sistent. However, when the last ranked-candidate is removed in each vote, the profile becomes 
single-peaked consistent and hence LCD{^) = 1. Concerning CP{^) notice that any partition 
into n sets contains a set with at least three candidates - say c„ cj and Ck- But then the votes yt, 

and caimot be single-peaked consistent because they rank three different candidates at the 
last position. Hence n candidate partitions are not enough to obtain single-peaked consistency and 
hence CP(^) > n. 

Counterexample 8 ( CP cannot be bounded by M andAA): Consider the candidates C = {ci , . . . , c„2 } 
and the following three votes : 

• There is one voter ;^i of the form: ci C2 ... c„2. 

• There is one voter of the form: c„2 c„2_i ... ci. 
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• There is one voter of the form: 

Cl C„+i C2„+l ... C„(„_i)^i C2 Cn+2 C2«+2 •.• C„(„_i)_|_2 



This preference profile is not single-peaked but M{.^) = 1 and AA(^) = 1. The candidates, 
however, have to be partitioned into many sets in order to obtain single-peakedness. First, observe 
that by Lemma |4~T] we only have to consider the axis ci > C2 > . . . > c„2. Let us now consider vote 
>-3. Since we have fixed an axis we can consider longest increasing and decreasing subsequences 
in this vote. Note that both increasing and decreasing subsequences have a length of less than 2n. 
Hence a subset of the candidates cannot be single-peaked if it contains more than 4n candidates. 
We therefore have to partition the candidates of ^ into sets of cardinality at most 4n and by that 
CP(^) > f . □ 



4.3 Complexity of Nearly Single-Peaked Consistency 

We start with the complexity analysis of maverick single-peaked consistency. In the reduction we 
are going to cascade two or more preference profiles. The following definition captures this notion. 

Definition 4.5. Let (Ci , V, ) and (C2 , V, 0^2 ) be two elections with Ci PI C2 = 0. Furthermore, let 
^1 = (^'1, . . . , and = (y'l, • . • , y'n)- We define ^1 © ^2 = (^1, . • • , where for any 
I <i <n the linear order >-i is defined by 

c >-i c iff (c^c € C\ and c >-\ c) or (c,c' G C2 and c c) or (c G C\ and c G C2). 

Note that ^1 (g) ^2 is always a preference profile over Ci UC2. 

Lemma 4.6. Let {C\ ,V,^i) and (C2, V, ^2) be two elections with Ci fl C2 = 0. Assume that 

• ^1 and £^2 (ifs single-peaked consistent with respect to the axes Ai and A2, respectively. 

• The preference relations in 3^2 have at most 2 peaks. 

• These ( two) peaks are adjacent on the axis A2. 
Then ■'^2 is single-peaked. 

Proof. We are going to construct an axis A in a way that (g) ^2 is single-peaked with respect 
to A. First we split A2 in two parts A2 and A2 . If 0^2 contains two peaks (which have to be adjacent), 
we split A2 in between these two peaks. If 0^2 contains only one peaks, we split A2 left of the peak 
(this is arbitrary). The new axis A is Aj followed by A\ and then Aj, i.e., Aj > Ai > Aj. The 
correctness proof of this construction is straight-forward. □ 

Before we start with the hardness proof, let us first make the following observation. 

Observation 4.7. We are given a set of candidates C = {a,b,c,d} and three preference relations 
^v, >-e and >-ne, where the candidates are ranked as follows: 

• a '^v c>-v b >-v d, 
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• c b d <^ <^nd 

Then the preference profile {>-v,>-e) is single-peaked with respect to the axis a > c > b > d and 
{^e,^ne) is single-peaked with respect to the axis d > c > b > a. The profile (^v^'^^ne) is not 
single-peaked consistent. 



We now show NP-hardness via a reduction from the cUque problem, one of the standard 
NP-complete problems (see, e.g., IIGJ791 ). This result has been independently proven by Bred- 
ereck IIBrel2ll . 



Clique 


Given: 


A graph {Vq^Eq) and a positive integer s. 


Question: 


Has the iyQ^Eo) an induced subgraph of size s that is complete, i.e. does {Vq^Eq) 




contain a clique of size si 



Theorem 4.8. Maverick Single-Peaked Consistency is NP-complete. 

Proof. To show hardness we reduce from Clique. Let G = (Vg,£'g) be the graph in which we 
look for a clique of size s. Furthermore, let Vg = {vi, . . . ,v„} be the set of vertices and Eg the 
set of edges. Each vertex has four corresponding candidates c] ,...,c^. We consequently have 
C = {c },..., c J , C2 C2 c,^ } . The voters directly correspond to vertices. Therefore we 
define, by slight abuse of notation, V = {vi, . . . ,v„}. 

In order to define the preference relations we introduce three functions creating partial votes. In 
the following definition let a, b,c,d G C. 

fv{a,b,c,d) = a>-c)~byd 
fe{a,b,c,d) = c>-b>-d>-a 
fne{a,b,c,d) =d>-c>~b>-a 

If we consider fy, fe and fne as preference relations then observe that by Observation 14.71 {fv,fe) 
and {fe,fne) are single-peaked consistent but [fv^fne) is not. 

Next we define a mapping p{i, j) to a total order over the candidates {cj , . . . , }. 

{fy{c),c),c],c'^j) if i = j 
fe{c),c),c],c)) ii{i,i}eEG 
fne{c),c],c],c)) ii{iJ}iEG 

The intuition behind function p{i,j) is to encode a row of the adjacency matrix of G as a vote 
in the preference profile To this end, we put in "cell" {i,j) the result of fe if there is an edge 
between / and j. In case there is no edge between / and j we put the result of f„e in cell (/, j). In the 
special case / = j (we are in the diagonal of the matrix) we put the result of /, in the cell. 

Let the partial profiles representing the columns of the adjacency matrix be defined as = 
{p{l,j),. . . ,p{n,j)), for I < j <n. We are now going to define the preference profile = 
, • • • , ^n) by 
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To conclude the construction let E = (C, V, ^) and k = n — s, i.e., we are allowed to delete k 
mavericks from E in order to obtain a single-peaked profile. The intention behind the construction 
is that the voters in a single-peaked profile will correspond to a clique. We claim that G has a clique 
of cardinality s if and only if it is possible to remove k voters from ^ in order to make the resulting 
preference profile single-peaked consistent. 

"=^" Assume that there is a clique / = {v,-, , . . . , v,^} with |/| = s. Let = (:^,-, , . . . , :^,J. By that 
we keep only those voters whose corresponding vertices are contained in the clique /. Observe that 
the election E' = {C,I, J^') can be obtained by deleting k = n — s mavericks from the election E,\V\ 
/[ = ^. It remains to show that E' is indeed single-peaked consistent. Remember that we denoted the 
preference relations in the j-th "column" of the profile by By we denote the 7-th "column" 
of a profile considering only the voters from Since / is a clique, for each x,y ^I,x^y, there 
is an edge {x,y} € Eg- Thus the profile cannot contain an instantiation of /,. and of fne in the same 
column. By Observation |4!7J all profiles with 1 < j < « are single-peaked consistent. In order to 
be able to apply Lemma l4T6l all conditions have to be checked. First, notice that the profiles and 
^j,, for 1 < j < / < n, do not share any candidates and are single-peaked consistent. Furthermore, 
each of the profiles has at most two peaks. Each column contains either instantiations of and fe or 
instantiations of /g and fne- Otherwise it would not be single-peaked consistent. But then there are 
only two top-ranked candidates, i.e., either the candidates top-ranked by fy and fe, or the candidates 
top-ranked by fe and fne- Finally, the two top-ranked candidates of ,"3^'^ have to be adjacent on 
the axis which gives single-peaked consistency. Consider again Observation 14.71 For (/v,/e) the 
top-ranked candidates a and c are adjacent on the axis a > c > b > d. The same holds for {fe,fne) 
with axis d > c > b > a and c, d as top-ranked candidates. Since all conditions are fulfilled, we can 
iteratively apply Lemma Therefore, ^| @ (=^1 ® =^2) ® =^3' • • • ' (-^i ® • • •) © and 
hence also are single-peaked consistent. 

"<^=" Assume that E' = {C,V', is an election that has been obtained from E by deleting k 
voters such that is single-peaked. Consequently \V'\ = s. Let V' = {v,-, , . . . , v,-,} and = 

We claim that V' is a clique in G- By Lemma 14.31 we know that each of the n columns 
. . . , of is single-peaked consistent. Then, by Observation 14.71 each column must 
not contain an instance of together with an instance of (Otherwise the respective column 
would not be single-peaked consistent!) Observe that by construction each vote (in contains an 
instance of /,, in some column. But then each vertex must be adjacent to all other vertices - in other 
words V' is a clique. □ 

We now turn to additional axes single-peaked consistency. Here we make use of a similar 
construction as presented in Theorem 14 . 8 1 with the difference that we now show NP-hardness via a 
reduction from the partition into cliques problem, which is also one of the standard NP-complete 
problems (see, e.g., IIGJ79i ). 



Partition Into Cliques 


Given: 


A graph {Vg,Ec) and a positive integer s. 


Question: 


Is it possible to partition Vc into s sets such that each set of vertices induces a clique on 




(Vg,£g)? 



Theorem 4.9. Additional Axes Single-Peaked Consistency is NF-complete- 
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Proof. Hardness is shown by a reduction from PARTITION INTO CLIQUES. For the reduction we 
use the same transformation as presented in the proof of Theorem 14. 8 1 to obtain an election. Then 
we set ^ = — 1, i.e., we are searching for a partition of the voters into s disjoint sets such that each 
of the partitions is single-peaked consistent. Due to the one-to-one correspondence between voters 
and vertices we can use the partition of the vertices to obtain a partition of the voters and vice versa. 
With arguments similar to the proof of Theorem l4.8l one can show that a set of vertices is a clique if 
and only if the corresponding profile is single-peaked consistent. □ 

Remark 4.10. The Partition Into Cliques problem is NP-complete even when one is asked 
to partition the graph into three cliques. Consequently it follows from the proof of Theorem \4.9\ 
that Additional Axes Single-Peaked Consistency is NP-complete even for k = 2, i.e., for 
checking single-peaked consistency with two additional axes. 

In the proofs of our next two results, we will provide reductions from the NP-complete problem 
Minimum Radius, which was shown to be NP-complete in ||FL97I1 and is defined as follows: 



Minimum Radius 
Given: A set of strings S C {0, 1 }" and a positive integer s. 

Question: Has S a radius of at most s, i.e., is there a string a G {0, 1}" such that each string in S 
has a Hamming distance of at most ^ to a? 

Theorem 4.11. Local Candidate Deletion Single-Peaked Consistency is NP- 
complete. 

Proof. A Minimum Radius instance is given by 5 C {0,1}'", the set of binary strings, 
and a positive integer s. Given a string p, let j8(^) denote the bit value at the k-th position 
in j3. We are going to construct an LCD Single-Peaked Consistency instance. Each 
string in 5 = {jSi, . . . ,j8„} will correspond to a voter. Each bit of the strings corresponds to 
two candidates. In addition, we have 2ms + 2 extra candidates. Consequently, we have C = 

r„l „2 1 2 1 2 / / // // 1 

,(-2,1-2, . . . ,c,j,c^,c J , . . . ,Cj , . . . ,i-„,5^i J-. 

We define the preference profile with the help of two functions creating total orders. 

fo{a,b)=a>-b f\{a,b)=b>-a 
The vote '^k, for each ^ G {1, . . . ,m}, is of the form 

c'l ••• i /ft(l)(cl,Ci) //3t(2)(c2,C2) ... fp^{n)ici,cl) c[ ... c"„+i. 

The preference profile ^ is now defined as (^i , . . . , >~n~\-, ■ ■ ■ ,>^)- We claim that (C, V, ^) is 
s-hCD single-peaked consistent if and only if S has a radius of at most s. 

"-^=" Suppose that S has a radius of at most s, i.e., there is a string a G {0, 1}" with Hamming 
distance at most s to each j3 € 5. We consider the following axis A: 

c'i> ...> c'„,+ i > fa{l){c\,c\) > /a(2)(c2,d) > . ../„(„) (c/,, C^) > c'( > . . . > c'^.+ i- 

We claim that ^ is single-peaked with respect to A after deleting at most s candidates in each vote. 
The deletions for vote >-/t, k G {I,... ,m}, are the following: We delete candidate c- in '^k if and 
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only if a{i) ^ Pkii)- The deletions in are exactly the same as in ^jt. These are at most s deletions 
since the Hamming distance between a and every j3 € 5 is at most s. After these deletions all votes 
are either subsequences of A or its reverse. Hence we obtain a single-peaked consistent profile. 

Let be the partial, single-peaked consistent profile that was obtained by deleting at 
most s candidates in each vote. First, note that some c' G {c\,... ,c'^s+i } been deleted in 

any vote since in total at most m • s many different candidates can be deleted. In the same way let 
c'l , ■ • ■ jc'ins+i} t'e a candidate that has not been deleted in any vote. Now let us consider the 
profile ^'[{c' ,c" ,c] ,cj}] for any / e {1, . . . ,«}. We claim that a, defined in the following way, has 
a Hamming distance of at most s to all bitstrings in S. 



a{k) 



if contains the vote c' >- c\ ^ ^ c", 

1 if 3^' contains the vote c' >- cj cj >~ c", 
1 otherwise. 



First, observe that Case 1 and 2 cannot occur at the same time since then J^' would not be single- 
peaked consistent. This is because £P'[{c' ,c" ,cl ,cj}] also contains votes where c" is ranked top and 
c' is ranked last and hence either c' >- c\ >- cj >- c" or c' >~ c\>~ c\ >~ c" would not be single-peaked. 

Let j8j G 5, j G {1, . . . ,«}. Note that if at any position /, /3y(/) ^ a{i) then either c- or c? had 
to be deleted in the vote ^j. Otherwise would not be single-peaked consistent. Hence the set 
{k ^ {I, . . . ,m} \ a{i) ^ cannot contain more than s elements because this would require 

more than s candidate deletions in the corresponding vote Hereby we have shown that the 
Hamming distance of a and jSy is at most s. □ 



Theorem 4.12. Local Swaps Single-Peaked Consistency is NP-complete. 

Proof. We use the same construction as in the proof of Theorem 14. 1 1 1 It holds that {C,V, ^) is 
s-LS single-peaked consistent if and only if S has a radius of at most s. This can be shown similarly 
to the proof of Theorem 14. 1 1 1 except that we swap elements instead of deleting them. □ 

The following problem will be useful for showing NP-hardness of Global Swaps Single- 
Peaked Consistency. Given two votes, Kv and ^y, let swaps(>-.v, >->•) denote the minimum 
number of swaps of adjacent candidates needed to make and equal. 



Kemeny Optimal Aggregation 

Given: An election (C, V, with ^ ~ (>- 1 , . . . , :^„), and an integer s. 
Question: Is there a vote )~* over C such that £i<,<ji swaps(:^,-, )~*) < s. 

Kemeny Optimal Aggregation was shown to be NP-hard in ||BTT89bl . This result was 
strengthened in IIDKNSOlll to require only four voters. 

Theorem 4.13. Global Swaps Single-Peaked Consistency is NF-complete. 

Proof. We show NP-hardness of this problem by reduction from Kemeny Optimal Aggre- 
gation. Let a Kemeny Optimal Aggregation instance be given by (C, V, S^) and an integer 
s. Furthermore, let C = {ci, . . . ,Cm}, ^ = (J^i, • • • , '^n) and let k be defined as 2s. 
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We create anew election {C',V,^') with C = C U {c^, • • • ,C27+i ,c'i^'S . • . i.e. |C'| = 

m + 4k + 2. 

For each / E {1, . . . ,m} we create two votes >-J and y'-' as follows. The vote y'- ranks Cj°^ first, 
followed by Cj"'', c^°^, ■ ■ ., and finally c^2k+i- Then it ranks the candidates in C in the same order 
as >~i does. Finally, it orders the candidates c^i^^ ■ ■ ■ c^2k+i ^^^^ descending preference, i.e. c^2k+i 
being the last ranked candidate. The preference profile is now defined as j ,>-[,..., >-'„,>-'„)■ 

We claim that {C',V, ■'3^') is k-GS single-peaked consistent if and only if (V,C, ,"3^) and s are a 
yes-instance of the Kemeny Optimal Aggregation problem. 

"=>" Suppose that (C, V, is ^-GS single-peaked consistent. Therefore, one can obtain the 
profile from by applying at most k = 2s swaps such that is single-peaked consistent 
with respect to an axis A. Since there are 2k + \ candidates in the set {cj°'', . . . , C2'^'^ j } at least one 
of them must have remained in place in each vote. Analogously, the same holds for one of the 
candidates contained in the set {c^^^, . . . ,c^2k+i}- ^et Ctop (resp. ciast) denote these two candidates. 
From Lemma 1431 we know that =^'^[{ctop,ci, . . . ,c„,,ciast}] is single-peaked consistent as well. Ob- 
serve that all primed votes in ^■^[{ctop,ci, . . . ,c,„,ciast}] have Ctop as peak and Qast as last candidate, 
while in the double-primed votes ciast is top and Ctop is the last ranked candidate. By Lemma |4~T] all 
primed votes in I^^[{ci ,...,€„,}] must be ordered in the same way. We denote this ordering by 
The double-primed votes in ^^[{c\ ,...,€„,}], however, must be ordered according to the reverse 
of ;^*. Notice that turning the primed votes into >-* requires the same number of swaps as turning 
the double-primed votes into the reverse of :^*. Therefore, | = 5 swaps are sufficient to turn all 
primed votes into >-*. Taken together, >-* fulfills all properties to be a yes-instance of the Kemeny 
Optimal Aggregation problem. 

Assume {C,V,^) and s describe a yes-instance of the Kemeny Optimal Aggre- 
gation problem. Then there is some common ordering >-*, which has in total a swap dis- 
tance of < 5^ to all votes in Let A* be an axis ordering the candidates in C in the same 
way as y* does. Then, {C',V,^') is k-GS single-peaked consistent with respect to the axis 
c °P > > • • • > C27+1 > A* > c'f^' > cf"^ > ■ ■> c^fl[^. This is because all votes can be brought 
into the form ^ >- • • • ^ Cj^+j ^ [ci , . . . ,c„ as ordered by y*] >- c'f ' y c^^'' y---y c^^^^y 
or its reverse by using at most k = 2s swaps - s swaps for the primed votes and s swaps for the 
double-primed votes. □ 

Remark 4.14. Since Kemeny Optimal Aggregation with only four voters is NP- 
complete [DK NSOl]! , it follows from the proof of Theorem \4J3\ that Global Swaps Single- 
Peaked Consistency is NP-complete even for eight voters. 

In contrast to the previous hardness results, we are able to show that Candidate Dele- 
tion Single-Peaked Consistency can be decided in polynomial time. The algorithm builds 
upon the • |C|). time algorithm for testing single-peaked consistency by Escoffier, Lang and 

Otztiirk IeLOOSI . Since we make some modifications to the algorithm and also for the sake of 
completeness we present it here as well. 

For the remainder of this section let {C,V,I^)he an election with | V | = « and C = {ci , . . . , c„,}. 

The single-peaked consistency algorithm. This algorithm is a slightly adapted version of the 



algorithm by Escoffier, Lang and Otztiirk llELOOSl . We start by giving three fundamental definitions 
that we use to state the algorithm. 
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Definition 4.15. L{^,C') is the set of last ranked candidates in ^[C']. 

Definition 4.16. A partial axis A is a total order of a subset of the candidates in C. Let cand{A) 
denote the candidates that are ordered by A. Consequently, any partial axis A is an axis over 
cand{A). By the cardinality of a partial axis A we mean \cand{A)\. 

Definition 4.17. An incomplete axis is a partial axis with a marked position that indicates where 
further elements may be added. We denote this position by three dots, e.g., the incomplete axis c\ > 
C2 > • • • > C3 allows additional candidates to be added right of C2 and left of cj,. The boundary of an 
incomplete axis A, boundary(A), are the two elements left and right of the dots, e.g., boundary{ci > 

C2>--->Cj) = {C2,cj}. 

In order to allow for a more concise description of the algorithm, we assume that there are two 
additional candidates cq and Cq. The candidate cq is ranked last in every vote and c'q is ranked 
second-to-last, i.e., L{,^,C) = {cq} and L{^,C \ {co}) = {c'q}. All other candidates are ranked 
above these. Note that these modified votes are single-peaked consistent if and only if the origi- 
nal votes were single-peaked consistent. Indeed, any axis for the original votes is an axis for the 
modified votes if we add cq at the leftmost position and c'q at the rightmost position (or vice versa). 
Conversely, every axis of the modified votes is an axis of the original votes if co and c[) are removed. 
Due to these observations we can assume that the algorithm always starts with the incomplete axis 

Co > . . . > Cq. 

The algorithm now proceeds iteratively by placing the least ranked candidates that have not yet 
been placed. Let C' be the set of candidates that have not yet been positioned on the (incomplete) 
axis A. The algorithm checks what kinds of constraints follow from each vote. If these constraints 
do not contradict each other, the set of least ranked candidates L{^,C') is placed. We denote this 
procedure with place(A,X) where X = L{^,C'). The procedure pi ace (A, Z) returns either a new 
incomplete axis (extending A by the candidates in X) or the value INCONSISTENT. The single- 
peaked consistency algorithm repeatedly invokes place until all elements have been placed or a 
contradiction has been found. 

Now we would like to describe place(A,Z) in detail since it is used also by the candidate deletion 
algorithm. Let boundary (A) = {^1,^2}- The following cases are considered for each vote -<k, 
k £ {1, . . . ,«} and thus we obtain constraints on possible placements of X. 

Case 1: \L{^,C')\ > 3. There are three or more candidates that would have to be placed at the 
positions next to b\ and ^2- Since this is not possible, ^ is not single-peaked consistent. 

Case 2: L(^, C') = {xi,X2}. The candidates xi and X2 have to be placed at the positions next to bi 
and next to ^2- 

(a) xi -<k b\ and xi -ik b2- This is not possible because then xi would already have been 
placed in a previous iteration step. 

(b) bi -<k xi and b2 <k xi : There are no constraints for x\ that follow from vote >-k. 

(c) b\ -<k x\ <k t>2 <k X2- x\ has to be placed next to b\ and therefore X2 is placed next to 
b2. 

(d) bi ~<kXi <kX2 <kb2'- xi has to be placed next to bi and therefore X2 has to be placed 
next to ^72- 
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All these rules are also applicable if bi and b2 are interchanged and also if xi and X2 are 
interchanged. 

Case 3: L(^,C') = {x}. The candidate x has to be placed either at the position next bi or b2- 

(a) X b\ and x b2- This is not possible because then xi would already have been 
placed in a previous iteration step. 

(b) bi ^icX and b2 -<kx: There are no constraints for x. 

(c) bi X b2 - X has to be placed next to bi. 

(d) b2 -<kx ^kbi: X has to be placed next to b2- 

This case distinction yields constraints on placing X for each vote ^u- If there is a way to place 
the candidates inX that is compatible with every vote, place(A,X) has been successful and returns 
the new incomplete axis. Otherwise the value INCONSISTENT is returned. 

Observation 4.18. The placement of candidates in the place procedure does only depend on 
boundary {A) rather than the full partial axis A. 

The candidate deletion algorithm. The basic data structure consists of an incomplete axis A (as 
in the single-peaked consistency algorithm) and a set of candidates X that have been placed on A in 
the previous iteration of the algorithm. We refer to this data structure as state. The algorithm will 
maintain a set y of possible states. By removing unnecessary states the cardinality of will be in 

^(|C|2). 

The algorithm utilizes dynamic programming. Given a state {A,X) and a set of candidates X^ew 
that are to be placed next, we try to obtain a new incomplete axis Anew If such an incomplete axis 
Anew can be found, it extends A by the candidates in Xnew The placement is performed by the place 
procedure, more precisely we call place(A,X„en.). Since placing more than two candidates at once 
is not possible, we always have \Xnew\ ^ 2. As in the single-peaked consistency algorithm we start 
with the incomplete axis Aq = cq )^ . . . )^ c'q. The starting state is consequently (Aq, {cq}). 

For a concise description of the algorithm see Algorithm [T] Similar to the single-peaked con- 
sistency algorithm we place lower ranked candidates first. However, in contrast to the previously 
described single-peaked consistency algorithm we may delete candidates. Hence there are several 
possibilities which candidates are to be placed next. We define a set next{X) containing those can- 
didates that may be placed next. For this let X = {x\ ,X2}, with x\ = X2 in case |X [ = 1. We define 

next{X) = {c e C [ VA; € {1,... , \V\} (c >-kX\) V (c >-kX2)}- 

Candidates that are not contained in next{X) have already been processed, i.e., they have already 
been placed on the axis or have been deleted. Consequently, the set of candidates that have been 
deleted so far is exactly C \ {cand{A) U next{X)). 

Recall that placing three or more candidates by the place procedure at once is not possible. 
Therefore, we consider every set of candidates X^w Q next{X) of cardinality 1 or 2. If \Xnew\ = 2 
an additional condition has to apply. There has to be a vote >- for which x\)^ X2 holds and another 
vote for which X2 >- x\ holds. This condition is equivalent to requiring that L{j^,Xnew) = Xnew (If 
this condition is not satisfied, the lower ranked candidate has to be placed first and the higher ranked 
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Algorithm 1: Polynomial time algorithm for ^-CD single-peaked consistency - Theorem l4. 19 



1 (Ainit,^init) = (co > • • • > c[), {c'q}) 

2 ^ <— {(AinitjXinit)} // The set contains all states under consideration 

3 repeat m times 

^new ^ 

foreach state {A,X) e Y do 

toreach X„ew Qnext{X) with 1 < \X„e^^,\ <2 and L{,0^ ,X„ew) =Xnew 
^ place(A,Xnew) 
itAnen- ^ INCONSISTENT then 

|_ Add the state (Anew,^new) to ^new 

foreach pa/r of states {{A,X), {A',X')} C y do 

it boundary(A) = boundary{A') andX = X' then 

if \cand{A) \ < \cand{A') \ then remove {A,X) from 5^ 
else remove (A',X') from 5^ 

15 return f/ie state (A,X) G w/f/i the maximum \cand{A)\ 



candidate in a later iteration step. Note that also in the single-peaked consistency algorithm lower 
ranked candidates are always placed first.) 

If place(A,X„evy) returns a new incomplete axis Anew, we have obtained a new state {Anew,^ne\i)- 
This state is added to the set of new states ^new If placing the candidates in Xne„ on A is not 
possible (i.e., place(A,X„eH,) = INCONSISTENT), no state is added to S^new- 

The algorithm applies place(A,X„en,) for every incomplete axis A of every state (A,X) € ^ and 
for every admissible Xmw C next{X). After this, we have obtained a set c5^„e„. containing the new 
states. Now the elements of S^new are added to 5^. Some of these states may be comparable in the 
following sense. If two states have the same X set, they have the same set of candidates that are 
not yet placed and not yet deleted. If two states have the same boundary, they are indistinguishable 
from the perspective of the place procedure (cf. Observation l4.18l ). Therefore if two states have both 
the same boundary and the same X set, we can discard the state where more candidates had to be 
deleted so far. This is the same as discarding the state with the smaller incomplete axis. In case that 
two such states have incomplete axes of the same cardinality, we make the choice arbitrarily. 

So far, we have seen the application of the place procedure followed by the discarding step. 
These two steps are repeated m times by the algorithm. Any sequence of states leading to a cardi- 
nality maximal partial axis has cardinality at most m because in each step at least one candidate is 
placed on the axis. Therefore the algorithm stops at this point and the set contains a partial axis 
of maximum cardinality. 

Theorem 4.19. Candidate Deletion Single-Peaked Consistency can be solved in time 
ff{\V\-\C\^). 

Proof. The runtime bound can be seen as follows. After discarding states in that are not 
necessary, states can be uniquely identified by their boundary and by the set X. Note that X is a 
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non-empty subset of boundary (A) and boundary (A) is a cardinality 2 subset of C. Therefore there 
are ('2') different boundaries, each of which has three compatible X sets. We see that here are 
at most 3 • [Cp states in J^. For each of these states and for each pair of candidates, we employ 
the place procedure. This procedure has a runtime of In total this yields a runtime of 

^{\V\ ■ \C\^) for one iteration step. Discarding unwanted states can be done in time i^(|C|'*) by 
checking every pair of states. The place procedure and discarding step is repeated |C| times. We 
obtain a total runtime of • |Cp). 

The correctness of the algorithm can be seen as follows. Let A be a partial axis over C with 
maximum cardinality such that ^[Cand{A)] is single-peaked with respect to A. The candidate 
deletion algorithm should either find this partial axis or a partial axis of same cardinality that 
yields single-peaked consistency as well. If we consider the election {Cand{A),V, J^[Cand{A)]) 
the single-peaked consistency algorithm finds either the axis A or a permutation of A for which 
^[Cand{A)] is single-peaked as well. As we know from the description of the single-peaked con- 
sistency algorithm, this is achieved by placing all candidates on the axis, at most two at a time. 
Let Xi,X2, . ■ . ,X„i, m' < m, denote this sequence of singletons or pairs of candidates. Further- 
more, let Ai,A2, . . . ,A„,/ be the sequence of incomplete axes generated by iterative application of 
the place procedure. These two sequences yield a sequence of states that can also be generated 
by the candidate deletion algorithm. Let Aq denote the starting axis cq > . . . > Cq (as described in 
the single-peaked consistency algorithm). In the first iteration the state {A\,X\) is generated since 
A\ = place(A(),Xi). Moreover, it holds in general that A^, = place(A/t-i,Xj:) for every k^{\,. .. ,ni'}. 
If we disregard that some states might be discarded by the algorithm, this shows that indeed after 
m' <m iterations the state {Am',Xm') is contained in y. Since \cand{Am')\ = \cand{A)\ this is a 
partial axis of maximum cardinality. 

It remains to deal with the issue that at some point a state {Ai^,Xi^), k £ {I,... ,m'}, may be dis- 
carded in favor of some other state (A[,X,t)- This can only happen if boundary (Ak) = boundary {A'j^) 
and \cand{Ak) \ < \cand{A'i^)\. Recall that the place procedure depends only onX and boundary(A). 
Therefore it holds that boundary {p\ace{A[,Xl^)) = boundary {p\ace{Ai:,Xk)), i.e., place(A[,X|) 
yields an incomplete axis A[^j with boundary (A'/^^^) = boundary (Ak^i). We see that discarding 
states might prevent the algorithm from finding the partial axis A,,,' but we still obtain an axis of 
same cardinality. (We cannot obtain an axis of larger cardinality since we assumed A to be of 
maximum cardinality.) 

Finally, we would like to show that ^ is single-peaked with respect to all partial axes com- 
puted by the algorithm. Let A be a partial axis obtained by the candidate deletion algorithm 
and let (Ai,Xi), (A2,X2), . . . , (A^/jX,,,/) denote the sequence of states that led to A = A,,,/, i.e., 
Ak = place(Ai;_i,X<.) holds for every k£{\,... ,m'}. Observe that ,cand{A)\\J^^I Xi) = Xk for 
every G {1, . . . (This holds because of the condition L{^3^,Xnew) = ^new in Line[6]of the algo- 
rithm.) The single-peaked consistency algorithm - applied to the election {cand{A),'V, I^[cand{A)]) 
- would therefore yield the same axis A. Hence the election {cand{A) ,V, J^[cand{A)]) is single- 
peaked. □ 



5 Manipulation 

We start with an easy observation which we will use to prove Theorem 15.21 
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Corollary 5.1. LetXG {candidate deletion, local candidate deletion, additional axes, global swaps, 
local swaps}. If an election E over three candidates is \-maverick single-peaked consistent, then it 
is also \-X single peaked consistent and 2-candidate partition single-peaked consistent. 

Proof. It is easy to see that every election over three candidates is 1 -candidate deletion, 1 -local 
candidate deletion, and 2-candidate partition single-peaked consistent. From Theorem |4.4[ (6) fol- 
lows, that E is also 1 -additional axes single-peaked consistent. 

Let C = {a,b,c} be the set of candidates, and without loss of generality assume that E is 1- 
maverick single-peaked consistent along the axis a < b < c. Note that there are only two possible 
maverick votes, acb and cab. Swaping in both votes the last two candidates leaves us with single- 
peaked votes with respect to axis a < b < c. Thus, E is 1-global swaps single-peaked consistent. 
From Theorem 14.41 (1) follows, that E is 1 -local swaps single-peaked consistent. □ 

Following the notation of HFHHllll . let {ai,a2,(Xi) elections denote three-candidate scoring 
rule elections using the scoring- vector a = {ai,a2,C)Cs). In that paper it was proved that for each 
«i > a2 > o;3> (ai,a2,a3)-l-MAVERiCK-CCWM is NP-complete. This result is interesting, espe- 
cially in the case of veto elections, because it means that Veto-1-Maverick-CCWM for three- 
candidate elections is NP-complete although Veto-CCWM is in P in single-peaked societies. The 
following theorem shows that the same holds for all the other notions presented in this paper. 

Theorem 5.2. Let X € {candidate deletion, local candidate deletion, additional axes, global swaps, 
local swaps}. For each ai > > as, (ai,a2,o:3)-l-X-CCWM and (ai,a2,o:3)-2-CANDiDATE 
Partition-CCWM are 'HV-complete. 

Proof. The same proof as in the technical report version of IIFHHllll . Theorem 3.1, holds. In 
their proof, Faliszewski et al. construct a three-candidate election which is 1 -maverick single- 
peaked consistent. According to Corollary 15. 1[ that election is also 1-X single peaked consistent 
and 2-candidate partition single-peaked consistent and thus the same proof holds. □ 

In the remainder of this section we study the complexity of constructive coalitional weighted 
manipulation in nearly single-peaked societies under the veto rule. Table |2] summarizes the com- 
plexity results regarding Veto-X-CCWM under several notions of nearly single-peakedness. In 
the following we will prove each entry of this table. All reductions are from the NP-complete 
problem PARTITION (see, e.g., IIGJ79D . 



Partition 

Given: A finite multiset S = {ki , . . . , ks} of positive integers such that > and 52;=i ^' — 
Question: Is there a subset S' C S such that the sum of the elements in S' is exactly Kl 



Theorem 5.3. Let m>3 denote the number of candidates. For each £ > 0, Veto-^-Candidate 
DeletioN-CCWM is in P if £ <m-3 and NF-complete otherwise. 

Proof. We can argue in a similar way as Faliszewski et al. did for ^-maverick societies IIFHHllll . 
We are first handling the £ <m — 3 case. Let A be the axis along the election is nearly single-peaked 
and let ci and Cr be the leftmost and rightmost candidates in A, respectively. Note that in a veto 
election over a single-peaked society, the candidates other than c/ and c,. are never vetoed. In an 
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Table 2: Complexity results regarding Veto-X-CCWM under several notions of nearly single- 
peakedness. Results in boldface are new results, the other two results are due to Faliszewski et 
al. BFHHlll . 

^-candidate deletion nearly single-peaked society there could be an additional £ candidates vetoed in 
those votes not consistent with the axis A. These are overall £ + 2 candidates. Since i <m — 3, there 
has to be at least one candidate who never got vetoed. Thus, manipulation is only possible if the 
distinguished candidate is amongst the candidates who never got vetoed by the nonmanipulators. 
The hardness proof is similar to the proof given in HFHHlllI for the maverick case. □ 

The following theorem shows that £-local candidate deletion is the only nearly single-peaked 
notion, where the complexity of veto constructive coalitional weighted manipulation is independent 
of £. In this case we require that i>l. The £ = case would mean that the election is single-peaked, 
for which Brandt et al. liBBHHlOJ proved that constructive coahtional weighted manipulation is 
in P. 

Theorem 5.4. Let m >3 be the number of candidates and n be the number of voters ( consist- 
ing of the manipulators and the nonmanipulators). For each £ > I, VetO-£-LOCAL CANDIDATE 
DeletioN-CCWM is inV if n<m—l and NP-complete otherwise. 

Proof. We can again argue similarly to the previous proof. Since we can delete in each vote at 
least one candidate, at most n different candidates can be vetoed. Since n < m, there has to be at 
least one candidate who never got vetoed. Thus, manipulation is only possible if the distinguished 
candidate is amongst the candidates who never got vetoed by the nonmanipulators. 

The hardness proof is similar to the general case (non-single-peaked societies) proven by 
Conitzer et al. IICSL07L □ 

In the following, for any two candidates ci , C2 G Clet (ci , C2) be the distance of two candidates 
on the axis A. For example, for the axis A = C1C3C5C4C2C6 the distance dAic\,C2) = 4. 

Lemma 5.5. Let E = (C, V,^) be a single-peaked election along the axis A, where ci and c,- are the 
leftmost and rightmost candidates, respectively. The number of swaps required to make a candidate 
c EC the lowest-ranked candidate in a vote v (^V is at least min{dA{c,Cr),dA{c,ci)). 

Proof. Without loss of generality assume that c is closer to Cr in A than to c/ (i.e., dA{c,c,-) < 
dA{c,ci)). If a vote v coincides with the axis A then clearly exactly min{dA{c,Cr),dA{c,ci)) = 
dA{c,Cr) swaps are needed to make c the candidate who gets vetoed in v. 
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If V does not coincide with A, we have to distinguish three cases. First, let c be the peak of v. In 
this case it is clear that c has to be swapped with all other candidates to get vetoed and thus we need 
exactly (i^(c,Q) +fifA(c,c/) > min{d/^{c,Cr),dA_{c,ci)) swaps. Second, let c be left from v's peak 
on axis A. This means that, according to the definition of single-peakedness, all the candidates left 
from c on axis A are ranked lower than c in v. To swap c through to the last position, we will have 
to make at least dA{c,ci) > min{dA{c,Cr),dA{c,ci)) swaps. Finally, let c be right from v's peak on 
axis A. This means that all the candidates on axis A right from c are ranked lower than c in v. To 
swap c through to the last position, we will have to make at least t/A(c,c^) = min{dA{c,Cr),dA{c,ci)) 
swaps. □ 

Using Lemma [531 the following two theorems can be shown. 
Theorem 5.6. Let k be a positive integer with k>2. 

1. Let the number of candidates bem = Ik. For each £ > 0, VeT0-£-GL0BAL SwapS-CCWM 
is inP if £ <k^ — k— I and 'HP-complete otherwise. 

2. Let the number of candidates be m = 2k — \. For each £ > 0, Veto-£-Global Swaps- 
CCWM is in Pif£<k^ — 2k and HP -complete otherwise. 

Proof. We only prove (1), the proof of (2) is similar. Let A be the axis for which the election is 
nearly single-peaked, and let c/ and Cr be the leftmost and rightmost candidates in A, respectively. 
In the I <k^ — k— \ case we again count the number of candidates who can be vetoed. These are 
the two candidates c/ and c,-, and the maximal number of candidates who can be "swapped" to the 
last position with at most I swaps. We can make at most k^ — k — \ = — \ + 2^^r(} / swaps and 
consequently at most m — 1 different candidates can be swapped to a last position in some vote (cf. 
Lemma 1531 ). Note that with exactly k^ — k global swaps we could push every candidate (including 
ci and Cr) to the last position in at least one vote. Thus, there is at least one candidate who never 
gets vetoed. Hence, manipulation is only possible if the distinguished candidate is amongst the 
candidates who never get vetoed by the nonmanipulators. 

To show hardness we reduce from PARTITION. Let £>k^ — k. Given a multiset S = {k\,... ,ks} 
of s integers that sum to 2K, define the following instance of Veto-^-Global Swaps-CCWM. 
Let C = {p,ci,Cr,ci, . . . ,Cm-T,} be the set of candidates and let p be the distinguished candidate. 
Let A be the axis for which the election is nearly single-peaked and let candidates c/ and c^ be the 
leftmost and rightmost candidates in A. Let the nonmanipulative voters consist of m — 2 voters, each 
with weight K such that for every candidate c G C\{ci,Cr} there is a nonmanipulative voter who 
ranks c last but otherwise the votes are identical with the axis A or its reverse A (depending on to 
which extreme c is closer in A). Note that in this case we need k^ —k global swaps to make the 
profile single-peaked which is still less or equal i. Let consist of s manipulators with weights 
ki, . . . jkg. 

We claim that there is a subset S' C S such that the elements in S' sum to K if and only if p can 
be made a winner of the election by constructive coalitional weighted manipulation. 

"=>": Suppose there is a subset S' C S such that the elements in 5" sum to K. Let all the 
manipulators whose weight is in S' vote identically to the axis A, and all the manipulators whose 
weight is in 5 \ 5' vote reverse. It is easy to see that now all candidates tie for first place thus, the 
distinguished candidate pis a. winner. 
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"-^=": Suppose that p can be made a winner of the election by constructive coalitional weighted 
manipulation. Note that p ties (with ci , . . . , Cm-3) for the third place K points behind both candidates 
c/ and Cr- The only way p can gain K points on these two candidates is if the manipulators can be 
divided into two groups, both weighting K points and vetoing candidates c/ and Cr, respectively. 
Thus, there is a subset S' C S such that the elements in S' sum to K. □ 

We omit the hardness proof of the following theorem because it is identical to the previous 
proof. 

Theorem 5.7. Let m > 3 denote the number of candidates. For each l>0, Veto-^-Local Swaps- 
CCWM is in P if I < [^^J - 1 and NP-complete otherwise. 

Proof. Let A be the axis along the election is nearly single-peaked, and let c/ and Cr be the leftmost 
and rightmost candidates in A, respectively. In the £ < [^^^J — 1 case we again count the number 
of candidates who can be vetoed. These are the two candidates c/ and c,., and all the candidates who 
can be "swapped" to the last position with at most £ swaps in each vote. From Lemma [53] follows 
that there is at least one candidate who never gets vetoed. Hence, manipulation is only possible if 
the distinguished candidate is among the candidates who never gets vetoed by the nonmanipulators. 
The hardness proof is identical to the proof of Theorem l5.6l □ 

Theorem 5.8. Let m>3 be the number of candidates in an election E. For each £>\, Veto-^- 
Candidate PartitioN-CCWM is in P if £ < [^^J and NP-complete otherwise. 

Proof. In the £ < case we again count the number of candidates who can be vetoed. Since 

we have £ single-peaked partitions, there can be at most 2£ different candidates being vetoed. Since 
2£ < m, there has to be at least one candidate who never got vetoed. Thus, constructive coalitional 
weighted manipulation is only possible if the distinguished candidate is amongst the candidates who 
never got vetoed by the nonmanipulators. 

To show hardness in the other case, we reduce from PARTITION. Let £ > [^^^J. Given a 
multiset S = {ki, ... ,ks} of s integers that sum to 2K, define the following instance of Veto-^- 
Candidate Partition-CCWM. Let C = {p,a,b,ci,. . . ,Cm-3} be the set of candidates and let 
p be the distinguished candidate. Let the nonmanipulative voters consist of m — 2 voters, each 
with weight K such that for every candidate c £ C \ {a,b} there is a nonmanipulative voter who 
ranks c last. Note that in this case we need l'-^] different axes (or candidate partitions). Since 
|-m_^-| _ |^»i_J.J < £^ there is at least one axis (partition) left over we have not used yet. Let ^ 
consist of s manipulators with weights k\,...,ks. 

We claim that there is a subset S' C S such that the elements in S' sum to K if and only if p can 
be made a winner of the election by constructive coalitional weighted manipulation. 

"=>": Suppose there is a subset S' C S such that the elements in S' sum to K. Let all the 
manipulators whose weight is in S' vote a{C\{a,b})b, and all the manipulators whose weight is in 
S\S' vote reverse, b{C\{a,b})a. It is easy to see that now all candidates tie for first place thus, the 
distinguished candidate pis a. winner. 

"<^": Suppose that p can be made a winner of the election by constructive coalitional weighted 
manipulation. Note that p ties for third place K points behind both candidates a and b. The only 
way p can gain K points on these two candidates is if the manipulators can be divided into two 
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groups, both weighting K points. The first group vetoes a, the second group vetoes b. Thus, there is 
a subset S' C S such that the elements in S' sum to K. □ 



Finally, we turn to Veto-^- Additional Axes-CCWM. 

Theorem 5.9. Let m>3. For each i>Q, Veto-£- Additional Axes-CCWM is in P if i < 
[^^^J — 1 and NF-complete otherwise. 

Proof. The same proof holds as for the candidate partition case. The — 1 in the bound on i comes 
from the fact that £ additional axes give us £ + 1 axes in total. □ 



6 Conclusions and Open Questions 

We have investigated the nearly single-peaked consistency problem. To this end, we have formally 
defined two notions of nearly single-peakedness suggested by Escoffier, Lang, and Oztiirk IeLOOS I. 
Furthermore, we have introduced three new notions of nearly single-peakedness. We have drawn a 
complete picture of the relations between all the notions of nearly single-peakedness discussed in 
this paper. For five notions we have shown that deciding single-peaked consistency is NP-complete 
and for ^-candidate deletion we have presented a polynomial time algorithm. An obvious direc- 
tion for future work is to pinpoint the complexity of Candidate Partition Single-Peaked 
Consistency. 

NP-completeness, however, does not rule out the possibility of algorithms that perform well 
in practice. One approach is to search for fixed-parameter algorithms, i.e., an algorithm with run- 
time f{k) ■poly{n) for some computable function /. A fixed-parameter algorithm for MAVERICK 
Single-Peaked Consistency has been presented by Bredereck [Brel2|. The design of fixed- 
parameter algorithm for nearly single-peaked consistency deserves further attention. A second ap- 
proach is the development of approximation algorithms since nearly single-peaked consistency can 
also be seen as an optimization problem. 

We have studied the complexity of manipulation in nearly single-peaked elections. The analysis 
of manipulation and control in such elections has already been started in [FHHl 1] for some distance 
measures. This work has yet to be extended to the distance measures introduced in this paper. 
Finally, there might be further useful and natural distance measures regarding single-peakedness to 
be found, e.g. combinations of measures presented in this paper. 
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